ABSTRACT: In this paper we generalize the quantum mechanical model of three coupled oscillators because of its usage in the crystal optical activity. Using this model we can include the influence of all essential couplings between single oscillators which represent the molecules or atoms of optically active crystals belonging for example to the space groups of symmetry D 3 . The single oscillators are damped and therefore we can include both parts of the optical activity -optical rotatory dispersion and circular dichroism -into computations. We present more universal formulas for description of the above mentioned parts.
Introduction
In this paper we want to generalize the results of the previous paper [1] in which we solved the optical rotatory dispersion (ORD) of crystals belonging to the space groups of symmetry D 3 . The theory was based on the specific quantum mechanical model of three coupled linear harmonic oscillators representing the elementary cell of these crystals as the smallest structure system. But the model used in [1] was solved for the undamped single oscillators forming the compound oscillator and therefore this model described ORD only as one part of the optical activity (OA) and the results were valid only for the wavelength range outside the absorption band. Now we can use the model of three damped coupled oscillators and in this way we also describe the second part of the OA -circular dichroism (CD) -and remove the limitation of the wavelength range. But as will be shown, we need the results of the paper [1] for the solution this generalized model.
ORD is the dependence of the rotation of the linear polarized light per unit length on the frequency or the wavelength. CD is the ellipticity of the outgoing wave from the optically active medium. It is based on the fact that the right and the left circularly polarized waves, in which the linear polarized wave is decomposed, and which propagate in optically active medium with different phase velocities, are absorbed differently. OA is fully described by the complex rotatory powerρ that is given by the relation
where ρ is the ORD and σ is the CD,n l andn r are the complex refractive indices of medium for the left and the right circularly polarized waves. n l , n r and κ l , κ r are the real and the imaginary parts of complex refractive indices. It is well known that the molecules or atoms forming the crystals of the space groups of symmetry D 3 lie on the helix with screw axis of symmetry and their optical activity is caused by interactions among molecules or atoms in the most important cases. This is true (with the exception of camphor) for all typical representative crystals belonging to these space groups. In the paper [1] we gave reasons for using the three coupled oscilators model. Here we mention again that this model fully represents the elementary cell of the crystals belonging to the space groups of symmetry D and it also enables to include the couplings between even and odd oscillators on the helix. In [2] we have proved that these couplings also have the substantial influence on the OA in the case when the diameter of the helix is comparable with the height of the elementary cell or smaller than its height. But it is known that it is valid for all important crystals with the screw axis of symmetry.
Our model of three coupled oscillators is the same as in [1] . The oscillators lie on the helix, which axis (the crystal axis c) is parallel with the z coordinate axis. The second oscillator lies in the plane z = 0, its coordinates are x, y, 0 and its direction of vibrations is described by direction cosines cos α, cos β, cos γ. The first oscillator lies on the helix in the plane z = −d and its direction of vibrations is turned by the angle −θ around the z axis with respect to the second one. Similarly the third oscillator lies on the helix in the plane z = d and its direction of vibrations is turned by the angle +θ around z axis with respect to the second one. The angle θ is of course 120 deg for the crystals belonging to the space groups of symmetry D 3 . We suppose that all oscillators are identical and that we can neglect the influence of other helices which is given by the character of couplings between adjacent oscillators on one helix and between oscillators belonging to the different helices. Further we study the OA only in the direction of the crystal axis where OA is not screened by birefringence.
Further it should be noted that the problems of crystalline OA (or ORD or CD) were also solved by using other methods. Here we can mention for example the exciton theory [3, 4, 5, 6] , Lagrangian formalism [7] , Schwinger scattering [8] etc. But we think that the application of coupled oscillators models in the crystal optical activity is still important because the results are convenient for good approximation of the OA experimental data. This is also the most important aim of this paper. We want to get a new extension of the formulas for description ORD and CD experimental data.
2 Crystal OA based on the three coupled oscillators model
We can set the Hamiltonian for one compound oscillator which contains three coupled oscillators in the field of the left and the right circularly polarized waveŝ
where r 1 , r 2 , r 3 are the displacements of the oscillators from their equilibria, µ 1 (r 1 r 2 + r 2 r 3 ) + µ 2 r 1 r 3 is the potential energy of mutual interactions of the oscillators and F The electric vectors E l,r of the left and the right circularly polarized waves propagating along z axis have the components
where the values φ l,r = k l,r =n l,r ωd/c are complex phase shifts for the left (index l) and for the right (index r) circularly polarized waves. In all terms in eq. (4) and further the + sign holds for the left and the − sign for the right circularly polarizad waves. Due to the mutual interaction the natural frequency ω 0 splits into three adjacent frequencies. We can solve our problem of three coupled oscillators using the normal coordinates q 1 , q 2 , q 3 which we can easy derive for the system of three classical coupled oscillators. If we have derived the relations for normal coordinates we can express the r 1 , r 2 , r 3 as combinations of these normal coordinates that are
where
After substituting (5) into (2) we get
It may be simply verified that the expressions
3 ) in the last equation are the electric forces in three normal coordinates. We denote them as F . The equation (7) can be separated now by means
Substituting (8) and (9) into (7) we get three equations that arê
We see that the natural frequencies of single oscillators ω 0 are split into three frequencies of the normal modes of vibrations.
If we use the eq. (4) we can derive for the electric forces in the normal coordinates the expression 
and the coefficients a l,r qη are given by the relations
qη only have the meaning of the phase shifts. We can see that the Hamiltonian has a nonperturbed partĤ
which depends only on the index η of normal mode and does not depend on the polarization of the light wave. On the other hand the perturbed part of the HamiltonianĤ
depends also on the polarization of the wave.
The mean value of the electric dipol moment induced by the left and the right circularly polarized wave that we hold as a small perturbation we can solve by means of the Kubo theorem [9] . We get the relation for the mean value of the dipol moment e a
For the retarded Green function q η ,p qη t in the ground states of quantum system |η 0 we hold the relation
In the eq. (18) ϑ(t) is the unit step function,q η (t) is the operator of q η in the interaction representationq
and for the application of the operator in the exponent on the wave function holds e ±iĤ 0 qη t/h |η n = e ±iEη n t/h |η n = e ±iωη n t |η n .
In following rearrangement we use that for matrix elements of the production of any operatorsF qη andK qη holds in the normal modes
and further we use that the matrix elements of operatorp qη are η m p qη η n = imω ηmn η m |q η | η n ;
ω ηmn = ω ηm − ω ηn . Now we can solve that
and after substituting the eq. (23) into (18) and solving the integral on the right side of eq. (17) we have
We can solve the relation for the induced dipole moments d l,r qη by means of (24) and (16)
and we can introduce the oscillator strengths of the normal modes of vibrations into (25) by the relation
Now the induced dipole moments can be expressed as
We can get the mean polarizability χ l,r qη of the crystal volume unit taking the part of the induced dipole moment (the part at electric field) and multiplying it by effective number N ′ of compound oscillators in a volume unit. If we suppose that the last single oscillator in any compound oscillator is the first oscillator in the next compound oscillator on any helix then the effective number N ′ = N/2 where N is the number of single oscillators in a volume unit [2] . If we introduce χ 
If we use the eqs. (29) and (13) we can solve the difference of quadrats of complex refractive indices for the left and the right circularly polarized waves
and if we further use the relation (1) for the complex rotatory power in which we use φ l + φ r = ωd(n l −n r )/c andn 2 l −n 2 r = (n l +n r )(n l −n r ) we get
Now we may find the real and imaginary part ofρ(ω) that are from (1) ORD and CD
where A = 4πN de 2 mc 2 (α 2 + β 2 ) sin θ. We know that in the case |ω
0 ω 2 (it means in the frequency region far from dichroic frequencies) the ORD result (32) must pass into ORD result in the paper [1] where we used the model of three undamped coupled oscillators. The ORD result in the [1] is expressed in the form of three terms with defined frequency dependencies. The first term has the frequency dependence of the type ω 2 /(ω 2 0 − ω 2 ) and it is known as the Drude term. The second term contains dependence ω 2 /(ω 2 0 −ω 2 ) 2 (the Chandrasekhar term) and the third one is proportional to ω 2 /(ω 2 0 −ω 2 ) 3 . These terms frequency dependences are multiplied by the following coefficients
We can rewrite our results (32) and (33) in similar way and we get more convenient results for the approximation of the ORD and CD experimental data
where we have neglected the expressions that are multiplied by small values µ 
Discussion
We can see that our results (31), (32) and (33) do not contain the rotational strengths. But the nonzero values of rotational strengths are the condition for the existence of the optically active quantum transition and the results of OA are often expressed by using these strengths (see ref. [10] ). We are going to show that our results can also be expressed in this way.
The rotational strengths are defined as the imaginary part of the scalar product of the electric and the magnetic transition dipole moments that means
where |0 is the ground state, |k any excited state andˆ d,ˆ m are the operators of the electric and the magnetic dipole moments. We will compute the rotational strengths in the normal coordinates in our case of three coupled oscillators
We have solved the normal components of the rotational strengths for the model of three coupled oscillators in [1] . We have derived the expressions
3 ) and we can see that the complex rotatory power (31) can be expressed as
In the same way we can also express the ORD and CD results
and we can accept these formulas as the crystal analogs of the formulas which are well known from the optical activity of molecules [11] or were recently derived for delocalized molecular aggregates [12] .
The ORD and CD are often expressed in the dependence on wavelength in practice. Because of this reason the ORD and CD formulas that are rewritten in this dependence are also often used. We can present several ORD and CD formulas that are suitable for theoretical approximation of experimental data and that are based on the single terms of the formulas (35) and (36). For ORD we get the formulas
3k are the constants defined only by the crystal parameters. The central dichroic wavelengths λ k0 correspond to the transition frequencies ω k0 and the constant Γ contains the damping constant γ 0 of single oscillators. It is evident that forms of all these constants can be easy derived from (35) . The values of these constants are computed by the approximation of experimental data by using the least squares method.
We can see that the first formula in (43) passes into well known Drude formula for wavelengths very different from central dichroic wavelength. The second formula passes into Chandrasekhar formula [13] on the same conditions. It is also known that for example the ORD of α-quartz is very well approximated by the sum of the Drude formula and the Chandrasekhar formula with one central dichroic wavelength. The form of the first two relations in (43) was derived in [14] by means of the classical model of two coupled oscillators but the form of constants K (ρ) was different. We are able to determine similar conclusions also for the relations by means of which we can approximate the CD experimental data. The terms in the relation (36) can be rewritten into dependence on wavelengths by using new constants as
The form of the first and the second relation was also derived in [14] with exception of the form of all constant K (σ) . We have made the first calculations which should tell us the meaning of these practical relations and above all the meaning of the third relations in the eqs. (43) and (44). Now we can mention that the third relation in (43) has a very little meaning in the approximation of the experimental ORD values of α-quartz. If we approximate the ORD values by means of all three relations (for one central dichroic wavelength) we can essentially reduce the sum of least squares and better approximate the ORD data mathematically but the value of computed central dichroic wavelength is not probable. On the other hand if we approximate the CD experimental data of sodium uranyl acetate crystal (SUA) [15] by temperature 77 K we get much better results by using all three relations (44) with comparison to using only the first two relations. The experimental data are very well described by theoretical formula and the values of all constants are physically real. But the practical meaning of relations (43) and (44) can be verified in the future by the approximation of ORD and CD experimental data of more crystals.
